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One of the early achievements of quantum computing was demonstrated by
Deutsch and Jozsa in 1992 regarding classification of a particular type of Boolean
functions. Their solution demonstrated an exponential speedup compared to classical
approaches to the same problem; however, their solution was the only known quan-
tum algorithm for that specific problem so far.

This paper demonstrates another quantum algorithm for the same problem, with
the same exponential advantage compared to classical algorithms. The novelty of
this algorithm is the use of quantum amplitude amplification, a technique that is the
key component of another celebrated quantum algorithm developed by Grover in
1996. A lower bound for randomized (classical) algorithms is also presented which
establishes a sound gap between the effectiveness of our quantum algorithm and that
of any randomized algorithm with similar efficiency.

1 Introduction

There are a handful of quantum algorithms which are known even outside the scien-
tific community of Quantum Computing. The ones with unmatched popularity are an
algorithm designed by Lok Grover in 1996 for quantum unordered search[1], and an-
other by Peter Shor in 1997 for integer factoring[2]. Despite numerous other notable
achievements in this field[3], the above two problems are still hailed as the hallmark
of the superiority of quantum computing.
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Close on the heels of the above algorithms are another two well-known algo-
rithms designed by Deutsch in 1985, and Deutsch-Jozsa in 1992 for classifying cer-
tain classes of Boolean functions[4,5]. These algorithms exhibited for the first time
that it is possible to perform some operation that is beyond the scope of any classical
algorithm. They showed that a quantum algorithm is able to classify a special cate-
gory of Boolean functions into two classes using one function evaluation, something
that no classical algorithm can ever do.

All the three algorithms mentioned above (the two latter problems, as well as
their quantum algorithms are similar in nature) are strikingly dissimilar in their ap-
proaches. In this paper, we design a new algorithm for the Deutsch-Jozsa problem us-
ing concepts of the Grover’s search algorithm. Currently, no other algorithm is known
for the Deutsch-Jozsa problem apart from the one designed by Deutsch and Jozsa[5].
Our algorithm also has the same exponential advantage that their algorithm has over
classical (deterministic) algorithms for their problem. The novelty of our approach is
an interesting application of the quantum amplitude amplification technique to solve
the Deutsch-Jozsa problem. This technique is the key ingredient of Grover’s search
algorithm, and has been analysed and used effectively since its formalisation by Bras-
sard and Hoyer[6] in 1997 and independently by Grover[7] in 1998. Nevertheless, we
believe that this technique has still a lot of potential left. We will show how to use
this technique for the Deutsch-Jozsa problem, an approach which we believe is of
independent interest.

Both the original algorithm and our algorithm determines the class of a given
Boolean function using a constant number of queries without any probability of error.
It is easy to see that no classical (deterministic) algorithm can do the same with non-
zero probability of error. To formalize this limitation, and add to the growing list of
evidences of the superiority of quantum algorithms, we will prove a lower bound on
the error probability of any randomized classical algorithm for this problem.

We will discuss the background of the problem, the original quantum algorithm
of the Deutsch-Jozsa problem and the amplitude amplification technique in Section
2. In Section 3, we will describe our algorithm for the same problem, and follow it
up with our lower bound proofs in Section 4.

2 Background

In this section we will first discuss the Deutsch-Jozsa problem and its original quan-
tum algorithm. We will skip background details of quantum algorithms and circuits
— interested readers may refer to the book by Nielsen and Chuang[8].

The Deutsch-Jozsa problem is an extension of the Deutsch’s problem [4]. Both of
these algorithms were presented in the Quantum Circuit model of computation, and
we will also present our results in the same model. It is well known that this model is
equivalent to other general models of quantum computation.

These problems involve a Boolean function F : {0,1}" — {0,1}, whose actual
definition is not accessible, but, algorithms can access evaluations of F'(-) at values of
their choice. Define F~!(b) = {x € {0,1}" | F(x) = b} for b € {0, 1}. Suppose that we
are given a promise that F is either constant (F(x) =0 or 1 for all x € {0,1}"), or bal-
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anced (|F~!(1)| = 2"/2). The Deutsch-Jozsa problem is about determining which of
these cases F satisfy, using minimal evaluations of F. Its predecessor, the Deutsch’s
problem, is basically the n = 2 case of this problem.

Classically, 1 +2"/2 queries to F is sufficient and necessary to ascertain its type
with certainty. Deutsch and Jozsa showed how to determine the type of F using only
one query to F', an exponential speedup over classical computing. Their original al-
gorithm used two queries, which was subsequently improved to one query by Cleve
et al. in 1998[9] — this is the version which we will be presenting here.

For problems like this, where algorithms can only access their input (here F) as
black-box (oracle) which they can only query (here, evaluating F(.)), the commonly
acceptable way to design quantum circuits (equivalently, algorithms) is by allowing
the use of Uf oracle gates (operators, for quantum algorithms). This gate is simply a
reversible, rather unitary, way to compute F (x) at arbitrary values of x in the following
manner: Up|x)|y) = |x)|F(x) ®y) forx € {0,1}" and y € {0, 1}. Note that, Ur |x)|0)
returns a state which has |F(x)) in its second qubit, which justifies the use of Ur
analogous to evaluating F(.).

2.1 Deutsch-Jozsa Circuit

The Deutsch-Jozsa problem can be solved by a circuit C described next. C operates
on two registers, first with n qubits initialized to [0®"), and second with one qubit
initialized to |1). C is constructed as: C = (A" Q1) - Up - (A" @ H). After the
application of C, the first register is measured in the standard basis, which can be
found to be in |0®") if and only if F is constant. Do pay attention to the fact, that C
was constructed using only one Ur gate, which is quantum equivalent of evaluating F,
and answers with absolute certainty. The proof of correctness is pretty straightforward
and we are omitting it in this paper.

2.2 Amplitude Amplification

Amplitude amplification[10] is the key technique behind Grover’s unordered search
algorithm[1]. It is the quantum analogue of repeated trials to boost sampling prob-
ability, however, with a speedup that is usually quadratic compared to classical ran-
domized algorithms. Most of the applications of amplitude amplification, including
the original formulation for unordered search, shows that, if there is a sampling gate
(operator) with probability p of obtaining a “correct” sample, then after @(,/p) ap-
plications of this gate (along with similar number of other gates), it is possible to
obtain a correct sample with probability close to 1. This technique has now been gen-
eralized and studied extensively, and tight results are known for a variety of scenarios,
including when p is not known.

We will make use of the following version of amplitude amplification from [6].
Hereafter, : will denote /—1, and N will denote 2".
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Lemma 1 Let o7 be a quantum algorithm that uses no measurements and that given
|0) return w =Y ;1 |i)|w) for some finite index set I C Z. Let x : I — {0,1} be any
Boolean function. Define,

- A={iel|x(i) =1} |A) = Liea )| w), a = (A|A)
- B={iel|x(i) =0}, |B) = LiealD)|w), b= (B|B)
Then there exists a quantum algorithm Q that on input |0) returns

- —D]AYifa=1/2
- 1B)ifa=0

In the lemma above, A is the basic sampling gate and Y ;; |i)|y) is the quantum
analogue of a sample from /. The above lemma shows how to construct the operator
QO which samples from / with stronger probability guarantees.

3 Alternative Circuit for Deutsch-Jozsa

Amplitude amplification is a technique to boost sampling probability; however, the
Deutsch-Jozsa problem is not stated as a sampling problem in its natural form. In this
section we will analyse this problem from a different point of view, that will allow us
to use Lemma 1 for our problem.

To use the lemma effectively for our purpose, we need another function F’ :
{0,1}" — {0, 1} defined as F’(x) = F(x) & F(0"). Note that, based on the promise of
F, F' is either balanced or constant with value 0. Moreover, F is balanced if and only
if F' is balanced. We will use the corresponding oracle gate Ug/|x)|y) = |x)|F’(x))
forx € {0,1}" and y € {0, 1}. We will discuss later how to construct Ug.

Lemma 2 There exists a quantum circuit using oracle gates Ug: that can determine
if F' is balanced or constant.

Proof Our proof will involve a clever application of Lemma 1 acting a system of
n+ 1 qubits. For &7 we will use the circuit Ups - (H*" ®1).

A |0) = Upr - (H*" @1)0°")|0)
1

= XV F (x
x€§l}nﬁ| )F'(x))
1 1
= —=1x)|0) + —= (1)
2 AR Y
F'(x)=0 F'(x)=1

We will use y = F' which givesus A = {x € {0,1}" | F/(x) =1} and B={x €
{0,1}" | F'(x) =0}. Let N; denote |A| and Ny denote |B|. If F (and, so F"') is balanced,
No =N, =N/2.If F is a constant function, F " is the constant function 0, and therefore
No=N,N; =0.



A Different Deutsch-Jozsa* 5

[0") 3
0) :@ [F(O) . .
. .______,_I I R J - _1_ J _______ .
e : HI — — — —
- H = —/ —! L —
o o B3 toss oo 2 e, —
! H H I
: : H : 1 1 : 1! ! : 1
i |__| L --T | - |
1 H H 1 1
|0) ' H U P y — \71
1 UFZI_I\J :A Lo e e e — - ! Lo e e e — - !
Lo e a4

e Bl el |F(0") === F(0"))
. - v—mmme o

: —X—4—— T —

— —HE [H' T |

L ! —X] Xl :

—————————— - U | _—— e — —
Ail S() SF

Fig. 1 Circuit for distinguishing between constant F' and balanced F/

The calculations above give us |A) = Z }|1) and similarly, |B), from which

1

—x
XEA \/Nl
we obtain a = (A|JA) = Ny /N and b = (B|B) = Ny/N. If F is balanced, then a = 1/2
and if F is constant, then a = 0.

Now, we are ready to apply Lemma 1. As per the lemma, there exists a circuit
which, on [097*1), creates the state (1 — 1)|A) if a = 1/2 (which happens when F is
balanced), and ¢|B) if a = 0 (which happens when F' is constant). Therefore, if we
measure the output of the circuit in the standard basis, then the state of the last qubit
is |0) is F is constant, and |1) if F is balanced.

Theorem 1 Given an n-bit to 1-bit Boolean function F that is either balanced or
constant, there exists a quantum circuit that uses six oracle gates for F and can
determine if F is a balanced or a constant function. The quantum circuit uses 6
(unbounded fanin) oracle gates, linear number of other standard gates (including
unbounded-fanin generalized Toffoli gates), and has constant depth.

Proof Lemma 2 immediately gives a proof for this theorem since it is straight forward
to construct Uy using Ur. However, we will take this opportunity to present the
circuit explicitly. The general structure of the Q operator in Lemma 2 was described
in [6], which we have adopted for our purpose.

First, we will use Ur to construct Uzs. Recall that, Up|x)|y) = |x)|y ® F(x) ®
F(0")), and therefore, this operator can be implemented by first applying U on its
qubits, and then using a CNOT gate whose control qubit carries the value F(0"). This
control qubit is never changed after being initialized to |F'(0")) and is reused several
times in our circuit.
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The complete circuit proving the theorem is € = o7 So.«7 ' Sr.o7 (see Figure 1 for
illustration), which effectively acts on an (n+ 1)-dimensional space 7" ® #, and
is constructed out of the listed operators below. We need (n+ 1) additional qubits, ini-
tialized to [0¥")|0), and which are reused several times in the circuit. The controlled
T gate represents the generalized Toffoli gate, the X gate represents the Pauli-X op-
erator, and the P gate represents the phase gate |0) (0| +1|1)(1].

- =Up - (H*"R1).

In reality, .7 and .7 ! acts on (n+2) qubits. However, its control qubit is always
|F(0")) and therefore, can be reused. &/ ! is simply (H*" ®1)- UF_,I.

— So and Sf require one and two additional qubits respectively, initialized to partic-
ular states. However, they leave these qubits in their initial state at the end of their
operations. This allows these additional qubits to be reused and therefore, these
gates can be considered to act on an n-qubit space for all practical purpose. For
the sake of brevity, the additional qubits are omitted for these operators in the rest
of this proof. Refer to Figure 1 for implementation of Sy and Sr.

= So = (I = (1=1)[0")(0"]).

This can be created independently of the input function. On the basis states it acts
as follows: |0") — 1/0") and |a) — |a) for a # 0".
-SF=(I—-(1—1) Z |x) (x]). Its action on the basis states can be described
x: Fl(x)=1
as follows: |a) — 1]a) if F'(a) =1 and |a) — |a) otherwise.

The input to the circuit is [0”)|0) and after applying all the gates, the last qubit is
measured in the computational basis. As illustrated in the figure, the number of Ur
gates used is 6.

Finally, we briefly describe the operation of the circuit.

%0")|0) = o/ So/ ' Spa7 [07)[0)
= o7/So/ ' Sr(JA) +|B)) (From Lemma 2)
= /S0~ (1|A) + |B))
= o/ (I—(1—=1)|0")(0"])7 " (1]A) +|B))

- <1—(1—1)(A>+|B>)(<A|+<B)>‘

(1]4) +1B))
1A (l_ (1 —1)% (1 —z)]Xf) 4
|B) (1—(1—1)]1\:?—(1—1)’];\?)
_ { (1—1)JA) if Ng=N; =N/2
1|B) if Ny =0, ie., (A]JA) =0

The measured qubit is in state |1) if F is balanced, and in |0) if F is constant.
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4 Classical Lower Bound

Any deterministic classical algorithm must make at least 1 4 2"~! queries to give a
correct answer with certainty[5]. In contrast to deterministic computations, a simple
probabilistic algorithm that queries for f(x) for, say 6, randomly chosen distinct val-
ues of x € {0,1}", and outputs “constant” if and only if all values of f(x) are same,
has an error probability at most 5 NN_ i 2%’_12 27\,’_23 21}’\,’_34 21}]\,’_45 ~1/ 2. We are interested
in determining if this probability of error can be made arbitrarily low.

We will next show a negative answer to the above question by demonstrating a
lower bound on the error probability of any randomized algorithm making at most 6
queries. In fact, we will prove a more general statement for any specific number of
queries. Since we are interested in only query complexity, we will state and prove the
required lemma in the (randomized) decision tree model of computation.

The standard way to prove lower bound in this model of computation starts with
the observation that any randomized decision tree can be thought of as some distribu-
tion over a fixed family of deterministic decision trees. Our lower bound result will
demonstrate that, for any probability distribution on deterministic decision trees of
depth at most k, the probability of error is at least 1/ 22k when the decision tree used
is chosen randomly according to this distribution. This will immediately lead us to
the main result of this section.

Theorem 2 Any randomized decision tree making at most k queries (for k < 2"!)
has an error probability at least 1/ 2%k,

Before the proof, we need a technical lemma. We can think of F as an N-bit string
of zeroes and ones. Querying for some F(x) is equivalent to querying for the x-th bit
of F in this representation. A constant F' implies that F is all zeroes or all ones, and
a balanced F indicates an F with exactly N/2 ones.

We will therefore consider decision trees of depth at most &, and those, which on
input F, query for certain bits of F', and try to determine if F' is constant or balanced.
We denote the set of such decision trees as 7 = {Tj, ..., }. i will represent any given
distribution on 7.

Lemma 3 There exists a set of N/2 indices D* such that with probability at least
1/ (zkk) a randomly chosen T (according to |L) does not query any index outside of D*
when input is ON. Formally,

Tliru [T(ON) queries indices only in D*| > 1/(2:)
Proof Without loss of generality, assume N is divisible by 2k. Divide the indices of
F, namely (0,1,...,N —2,N — 1), into 2k equal sized blocks, # = {B,...,Bx}.
Now, construct a set 2 of all k-element subsets of % and denote its elements as
{Dy,...,Dy} where, M = (2,(") . Note that, there is a one-one correspondence between
each D; and every set of N/2 distinct indices.

Order the elements of & (in any arbitrary order). Now, we say that a decision tree
T does not query any index outside D € & on input 0V if D is the first element of &
(according to the order) which contains all the indices that T queries upon input 0.
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Our construction ensures that, there always exists a unique D for every T such that
T(0) queries indices only in D. Since there are M possible values of D, there must
exist some D* € & such that

TPr [T(0V) queries only D*] > 1/M
~p

This proves the lemma.

Proof (Proof of Theorem 2) Using Lemma 3, we know that there exists a set J of N/2
indices such that,

2k
Pr [T queries only indices in J on input 0V] > 1 / ( k) ()

~

Now, starting with 1V, flip the bits indicated by the indices contained in J to 0 —
call the resulting string y. It is clear from (1) that,

~

2k
TPr [T gives same answer on both 0" and y|>1 / ( k) > 1/2%

However, 0V is constant, and y is balanced. Therefore, we have that a randomly
chosen T has an error probability at least 1/2%.

Applying the theorem to k = 1, any randomized algorithm has an error probability
at least 1/4 if it can ask for at most one evaluation of F' to determine whether F is
constant or balanced; this is something that the Deutsch-Jozsa quantum algorithm is
able to do without any probability of error.

5 Conclusion

In this paper we showed how to use the powerful amplitude amplification technique
to obtain another solution to the Deutsch-Jozsa problem without any probability of
error. While the original algorithm used two applications (subsequently improved to
one) of a gate to compute the special function F at particular values, our algorithm
uses six such gates, still asymptotically same as the original algorithm. Apart from
these gates, our algorithm uses linear number of single qubit and multi-qubit gates,
and runs in constant time; this is similar to the standard Deutsch-Jozsa algorithm
which also uses linear number of single-qubit gates and runs in constant time.

It was already known that an exponential number of queries (a query is struc-
turally equivalent to a gate) are necessary to solve the problem without any error
probability. We further showed that any classical randomized algorithm making at
most six queries must suffer from error probability at least 1/2!2.
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